Motivated by recent experimental progress in the context of ultra-cold multi-color fermionic atoms in optical lattices, we have investigated the properties of the SU(N ) Heisenberg chain with totally antisymmetric irreducible representations, the effective model of Mott phases with m < N particles per site. These models have been studied for arbitrary N and m with non-abelian bosonization [I. Affleck, Nuclear Physics B 265, 409 (1986); 305, 582 (1988)], leading to predictions about the nature of the ground state (gapped or critical) in most but not all cases. Using exact diagonalization and variational Monte-Carlo based on Gutzwiller projected fermionic wave functions, we have been able to verify these predictions for a representative number of cases with N ≤ 10 and m ≤ N/2, and we have shown that the opening of a gap is associated to a spontaneous dimerization or trimerization depending on the value of m and N . We have also investigated the marginal cases where abelian bosonization did not lead to any prediction. In these cases, variational Monte-Carlo predicts that the ground state is critical with exponents consistent with conformal field theory.
I. INTRODUCTION
The SU(N ) Heisenberg model with the same irreducible representation (irrep) at each site describes the Mott insulating phases of the Hubbard model for Ncolor fermions in the large U/t limit 1,2 . As for the SU(2) case, the connection between the Hubbard and Heisenberg models can be made in the large U/t limit using degenerate perturbation theory in t/U . The number of fermions per site m for a Mott phase identifies the local totally antisymmetric irreducible representation of the SU(N ) Heisenberg model, each site corresponding to a single-column Young tableau with m boxes. The corresponding Hamiltonian can be written:
whereâ iα (â † iα ) is a fermionic operator that destroys (creates) a particle of color α on site i. For a more detailed derivation of this model, see the appendix A.
This model captures the low-energy physics of multicolor ultra-cold atoms in optical lattices, systems for which remarkable progress has been recently achieved on the experimental side. For instance, the SU(N )-symmetry has been observed in ultracold quantum gas of fermionic The SU(N ) Heisenberg model with the fundamental representation at each site, which corresponds to the Mott phase with one particle per site, has been investigated in considerable detail over the years. In one dimension, there is a Bethe ansatz solution for all values of N 6 , and Quantum Monte Carlo simulations free of minus sign problem have given access to the temperature dependence of correlation functions 7, 8 . In two dimensions, a number of simple lattices have been investigated for a few values of N with a combination of semiclassical, variational and numerical approaches, leading to a number of interesting predictions at zero temperature [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
In comparison, the case of higher antisymmetric irreps (m > 1) has been little investigated. In 2D, there is a mean-field prediction that chiral phases might appear for large m provided N/m is large enough 24, 25 , and some cases of self-conjugate irreps such as the 6-dimensional irrep of SU (4) have been investigated with Quantum Monte Carlo simulations [26] [27] [28] [29] . In 1D, apart from a few specific cases [30] [31] [32] [33] [34] [35] [36] [37] , including more general irreps than simply the totally antisymmetric ones, the most general results have been obtained by Affleck quite some time ago 38, 39 . Applying non-abelian bosonization to the weak coupling limit of the SU(N ) Hubbard model, he identified two types of operators that could open a gap: Umklapp terms if N > 2 and N/m = 2, and higher-order operators with scaling dimension χ = N (m−1)m −2 allowed by the Z N/m symmetry if N/m is an integer strictly larger than 2. This allowed him to make predictions in four cases: i) N/m is not an integer: the system should be gapless because there is no relevant operator that could open a gap; ii) N > 2 and N/m = 2: the system should be gapped because Umklapp terms are always relevant; iii) N/m is an integer strictly larger than 2 and χ < 2: the system should be gapped because there is a relevant operator allowed by symmetry. This case is only realized for N = 6 and m = 2; iv) N/m is an integer strictly larger than 2 and χ > 2: the system should be gapless because there is no relevant operator allowed by symmetry. The only case where the renormalization group argument based on the scaling dimension of the operator does not lead to any prediction is the marginal case χ = 2, which is realized for two pairs of parameters: (N = 8, m = 2) and (N = 9, m = 3). These predictions are summarized in TAB. I. Finally, in all gapless cases, the system is expected to be in the SU(N ) k=1 Wess-Zumino-Witten universality class 38, 40 , with algebraic correlations that decay at long distance with a critical exponent η = 2 − 2/N .
To make progress on the general problem of the SU(N ) Heisenberg model with higher antisymmetric irreps, it would be very useful to have flexible yet reliable numerical methods that would allow to test these predictions arXiv:1502.01895v1 [cond-mat.quant-gas] 6 Feb 2015 Note that models with m = k and m = N − k are equivalent up to a constant. Therefore the light gray shaded region can be deduced from the other cases and does not need to be studied.
in a systematic way. In particular, the methods should not be limited to 1D, or to cases such as self-conjugate irreps, for which there is a minus-sign free Quantum Monte Carlo algorithm. In this paper, we have decided to test the potential of Gutzwiller projected wave functions by a systematic investigation of the 1D case discussed by Affleck using variational Monte Carlo (VMC). There are two main reasons for this choice. First of all, these wave functions have been shown to be remarkably accurate in the case of the SU(4) Heisenberg chain with the fundamental representation by Wang and Viswanath 14 , who have in particular shown that they lead to the exact critical exponent. Besides, this approach can be easily generalized to higher dimension, as already demonstrated for the case of the fundamental representation in a number of cases 23, 41 . In parallel, exact diagonalizations based on the extension of a recent formulation by two of the present authors 42 will be used whenever possible to benchmark the VMC approach on small clusters and, in some cases, to actually confirm the physics on the basis of a finite-size analysis.
As we shall see, the combination of these approaches leads to results that agree with Affleck's predictions whenever available, and to the identification of the symmetry breaking pattern in the gapped phases. In addition, it predicts that the marginal cases are gapless with algebraic correlations.
The paper is organized as follows. The next section describes the methods, with emphasis on the variational wave functions that will be used throughout. The third section is devoted to a comparison of the results obtained using the simplest wave functions (with no symmetry breaking) with those of the Bethe ansatz solution for the m = 1 case, with the conclusion that the agreement is truly remarkable. The fourth section deals with the cases where Umklapp processes are present (N > 2, N/m = 2), while the fifth one deals with the case where there is no Umklapp process but a relevant operator (N = 6, m = 2). The marginal cases are dealt with in the sixth section, and the case where N/m is an integer without relevant nor Umklapp operators in the seventh section. Finally, the critical exponents are computed and compared to theoretical values for all gapless systems in the eighth section.
II. THE METHODS

A. Gutzwiller projected wave functions
The construction of a Gutzwiller projected wave function starts with the creation of a trial HamiltonianT that acts on n sites and is written with fermionic operatorsâ iα andâ † iα . When different colors are involved in T , and as long as there is no term mixing different colors, the Hamiltonian can be rewritten as a direct sum: T = N α=1T α . Then, for each color, there will be one corresponding unitary matrix U α that diagonalizesT α . So the new fermionic operators are given by:
and the trial Hamiltonian can be written in a diagonal
In the Mott insulating phase, the system possesses nm/N particles of each color and exactly m particles per site. By filling the system with the nm/N lowest energy states of each color, the resulting wave function contains nm particles: 
In cases where a relevant or Umklapp operator is present, the ground state is expected to be a singlet separated from the first excited state by a gap, and to undergo a symmetry breaking that leads to a unit cell that can accommodate a singlet. In practice, this means unit cells with d = N/m sites. To test for possible instabilities, we have thus used wave functions that are ground states of Hamiltonians that creates d-merization:
Assuming that the mirror symmetry is preserved, the wave functions Ψ d G (δ) for dimerization (d = 2) and trimerization (d = 3) have only one allowed free parameter δ, and the hopping amplitudes in a unit cell are given by:
otherwise.
To test for a possible tetramerization for SU(8) m = 2, since the unit cell contains four sites, one additional free parameter is allowed (still assuming that the mirror symmetry is preserved in the ground state). Therefore, we have used the wavefunction Ψ 4 G (δ 1 , δ 2 ) with hopping amplitudes defined by:
This method is always well defined for periodic boundary conditions when N/m is even. But when N/m is odd, the ground state is degenerate for periodic boundary conditions if the translation symmetry is not explicitly broken, and one has to use anti-periodic boundary conditions for Ψ
The hope is that ifT is wisely chosen, then |Ψ G captures correctly the physics of the ground state, i.e. with a good variational wave function, E G ≡ Ψ G |Ĥ |Ψ G ≈ E 0 , the exact ground state energy. To check the pertinence of this statement, we have compared the energies and nearest-neighbor correlations with those computed with ED on small systems with open boundary conditions. In the table TAB. II, one can see, for some systems, the comparison between ED and VMC results for the ground state energy. The nearest-neighbor correlations will be compared in the next sections. Considering the excellent agreement between the two methods for the cluster sizes available to ED, there are good reasons to hope that these Gutzwiller projected wave functions can quantitatively describe the properties of the ground state. 
B. Exact diagonalizations
On a given cluster, the total Hilbert space grows very fast with N , and the standard approach that only takes advantage of the conservation of the color number is limited to very small clusters for large N . Quite recently, two of the present authors have developed a simple method to work directly in a given irrep for the SU(N ) Heisenberg model with the fundamental representation at each site 42 , allowing to reach cluster sizes typical of SU(2) for any N . This method can be extended to the case of more complicated irreps at each site, in particular totally antisymmetric irreps, and the exact diagonalization results reported in this manuscript have been obtained along these lines.
In this section, we extend the SU(4) results of Wang and Vishwanath 14 to arbitrary N for m = 1 (fundamental representation), and we perform a systematic comparison with Bethe ansatz and Quantum Monte-Carlo (QMC) results. Since these systems are known to be gapless, Ψ Fermi G is the only relevant wave function to study. SU (4) SU (5) SU(6) SU (7) SU (8) SU (9) e 0 Let us start with the ground state energy. Using Bethe ansatz, Sutherland derived an exact formula for the ground state energy per site e 0 (N ) 6 that can be written as a series in powers of 1/N : We now turn to the diagonal correlations and its associated structure factor defined by (A1) and (A3). At very low temperature, QMC has been used by Comparison of the structure factors calculated with VMC (empty squares) and QMC (filled circles) for various SU(N ) systems. In the VMC calculations, anti-periodic boundary conditions have been used for SU(3) and SU(5), and periodic ones for SU (4) .
For these systems, there is a self-conjugate antisymmetric representation of SU(N ) at each site. The ground states of such systems, referred to as extended valence bound solids 43 , are predicted to break the translational symmetry, to be two-fold degenerate and to exhibit dimerization since only two sites are needed to create a singlet, and the spectrum is expected to be gapped.
We (6) . In both cases, the results scale very smoothly, and a linear fit is consistent with a finite and large value of the gap in the thermodynamic limit. In the lower panels of FIG. 3 , the bond energy is plotted as a function of the bond position for the largest available clusters (18 sites for SU(4), 14 sites for SU(6)) with solid symbols. A very strong alternation between a strongly negative value and an almost vanishing (slightly positive) value with very little dependence on the bond position clearly demonstrates that the systems are indeed spontaneously dimerized.
Let us now turn to the the VMC results. Since the relevant instability is a spontaneous dimerization, it is expected that the dimerized Ψ 2 G (δ) wave function allows one to reach lower energy than the Ψ Fermi G one. This is indeed true for all cases we have investigated (up to N = 10 and to n 100), and the optimal value of the dimerization parameter δ opt > 0 is nearly size independent and increases with N (see upper right panel of  FIG. 3) , in qualitative agreement with the gap increase between SU(4) and SU(6) observed in ED. To further benchmark the Gutzwiller projected wave functions for these cases, we have calculated the bond energy using the optimal value of δ (open symbols in the lower panel of  FIG. 3) for the same clusters as those used for ED with open boundary conditions. The results are in very good quantitative agreement.
With the large sizes accessible with VMC, it is also interesting to calculate the diagonal structure factor. All the structure factors peak at k = π, but, unlike in the case of the fundamental representation, there is no singularity but a smooth maximum ( see FIG. 4 ). This shows that the antiferromagnetic correlations revealed by the peak at k = π are only short range, and that the correlations decay exponentially at long distance, in agreement with the presence of a gap, and with the spontaneous dimerization. To summarize, ED and VMC results clearly support Affleck's predictions that the N/m = 2 systems are gapped and point to a very strong spontaneous dimerization.
V. SU(6) WITH m = 2
This case is a priori more challenging to study because the relevant operator that is generated in the renormalization group theory appears at higher order than the one-loop approximation. Therefore, the gap can be expected to be significantly smaller than in the previous case. This trend is definitely confirmed by ED performed on clusters with up to 15 sites: the gap decreases quite steeply with the system size (see upper left panel of  FIG. 5) . It scales smoothly however, and a linear extrapolation points to a gap of the order ∆E 0.2, much smaller than in the SU(6) case with m = 3 (∆E 4), but finite. On the largest available cluster, the bond energy has a significant dependence on the bond position, with an alternance of two very negative bonds with a less negative one. These trends are confirmed and amplified by VMC. Indeed, the trimerized wave function Ψ 3 G (δ) leads to a better energy for all sizes, and the optimal value scales very smoothly to a small but finite value δ opt ≈ 0.03. This value is about an order of magnitude smaller than in the SU(6) case with m = 3, but the fact that it does not change with the size beyond 50 sites is a very strong indication that the system trimerizes (by contrast to the marginal case shown in FIG. 9) . The trimerization is confirmed by the lower plots. For n = 15, the VMC results are again in nearly perfect agreement with ED, and for n = 60, the bond energy shows a very clear trimerization.
To test the nature of the long-range correlations is of course more challenging than in the previous case since a small gap implies a long correlation length. And indeed, on small to intermediate sizes, the structure factor has a sharp peak at k = 2π/3 very similar to the SU(3), m = 1 case ( see FIG. 6 ). However, going to very large system sizes (up to n = 450 sites), it is clear that the concavity changes sign upon approaching k = 2π/3 (see upper right panel of FIG. 6 ), consistent with a smooth peak, hence with exponentially decaying correlation functions (see also lower panel of FIG. 6) .
In that case, in view of the small magnitude of the gap, hence of the very large value of the correlation length, it would be difficult to conclude that the system is definitely trimerized on the basis of ED only. In that respect, the VMC results are very useful. On small clusters, the Gutzwiller projected wave function with trimerization is nearly exact, and VMC simulations on very large systems strongly support the presence of a trimerization and of exponentially decaying correlations 44 .
VI. MARGINAL CASES: SU(8) WITH m = 2 AND SU(9) WITH m = 3
These two systems are the only ones which possess operators with scaling dimension χ = 2. They are therefore the only cases where it is impossible to predict whether the system is algebraic or gapped on the basis of Affleck's analysis. As far as numerics is concerned, these cases can again be expected to require large system sizes to conclude.
The ED results are quite similar to the previous case. The scaling of the gap is less conclusive because the last three points build a curve that is still concave and not linear like in the previous case (see the upper right panel of FIG. 7) . So one can only conclude that if there is a gap, it is very small, especially for SU(8) with m = 2. The bond energies build a pattern which is consistent with a weak tetramerization for SU(8) with m = 2, and with a significant trimerization comparable to the SU(6), m = 2 case for SU(9) m = 3.
The VMC method turns out to give a rather different picture however. For SU (8) of FIG. 7) . This pattern, which could be interpreted as a weak tetramerization, is in fact probably just a consequence of the fourfold periodicity of algebraic correlations in the presence of open boundary conditions. Indeed, it turns out that, for any system size with periodic boundary conditions, the minimization of the energy using Ψ 4 G (δ 1 , δ 2 ) failed to find a solution with non-zero values of δ 1 and δ 2 , with an upper bound |δ 1,2 | < 0.002 (see the upper right panel of FIG. 7) . Therefore Ψ Fermi G is believed to be the best variational wavefunction. The conclusion is that there is no tetramerization, and that the correlations must be algebraic. This is also supported by the structure factor, which seems to have a singularity at k = π/2 ( see  FIG. 8) .
Let us now turn to SU(9) with m = 3. This system could in principle be trimerized, and therefore Ψ Fermi G and Ψ 3 G (δ) have been compared. For small clusters, there is a large optimal value of δ, actually much larger than for SU(6) with m = 2, and the bond energies are typical of a strongly trimerized system, in agreement with ED. However, δ opt decreases very fast with n until it vanishes for n 100 whereas, for SU(6) with m = 2, δ opt levels off at a finite value beyond n = 60 ( see FIG. 9 ). We interpret this behavior as indicating the presence of a cross-over: on small length scales, the system is effectively trimerized, but this is only a short-range effect, and the system is in fact gapless with, at long-length scale, algebraic correlations. One can again calculate the structure factor using the best variational wave function (in both cases Ψ (8) and at k = 2π/3 for SU (9) . These discontinuities indicate an algebraic decay of the long-range correlations. The lower plot shows that even if these systems are gapless, there is a maxima of the correlation every N/m sites.
VII. EXAMPLE WITH IRRELEVANT
OPERATOR: SU(10) WITH m = 2
For completeness, we have also looked at a case where there is an irrelevant operator of scaling dimension larger than 2, namely SU(10) with m = 2. As expected, the best variational wave function is Ψ Fermi G for all sizes, and the structure factor exhibits discontinuities at k = 2π/5, consistent with a gapless spectrum and algebraic correlations.
VIII. CRITICAL EXPONENTS
Motivated by the remarkably accurate result obtained by Wang and Vishwanath for SU(4) with the fundamental irrep at each site 14 , we have tried to use the VMC results to determine the critical exponent that controls the decay of the correlation function (A2) at long distance. For periodic boundary conditions, one can use the following fitting function with four free parameters 7 : In all cases, the extracted exponents agree quite well with the theoretical predictions when n is large enough. In particular, for a given N , the exponent η does not depend on m, as predicted by non-abelian bosonization. The critical exponents ν has also been extracted but, as already observed 7 , a precise estimate is difficult to get. Nevertheless, for N = 3, 4, ν ∈ [1.8, 2.25] and for N ≥ 5, ν ∈ [1.95, 2.05] for the largest systems. There is a large degree of freedom in the choice of the fitting range. One could in principle select any arbitrary range of sites [x i , x f ], 0 ≤ x i < x f ≤ n − 1. The problem is that each range will give different critical exponents. In order to obtain some meaningful results the following method has been chosen. Using the periodicity of the systems, only the ranges with x i = a and x f = n − a − 1, 1 ≤ a ≤ n/2 have been considered. For each value of a, the coefficient of determination of the fit has been computed and if its value is higher than 0.999 than the range [a, n − a − 1] is selected to perform the extrapolation of the critical exponents. If the value is too low, the fit is considered to be bad and the range with a ← a + 1 is tested. If no good range can be found with this criterion, the condition over the coefficient of determination is relaxed to be higher than 0.995 and the first fit with a residual sum of squares divided by n that is smaller than 10 −7 is selected.
IX. CONCLUSIONS
Using variational Monte Carlo based on Gutzwiller projected wave functions, we have explored the properties of SU(N ) Heisenberg chains with various totally antisymmetric irreps at each site. In the case of the fundamental representation, which is completely understood thanks to Bethe ansatz and to QMC simulations, these wave functions are remarkably accurate both regarding the energy and the long-range correlations. In the case of higher antisymmetric irreps, where field theory arguments are in most cases able to predict that the system should be gapless or gapped, allowing for a symmetry breaking term in the tight binding Hamiltonian used to define the unprojected wave function leads to results in perfect agreement with these predictions, and the ground state is found to be spontaneously dimerized or trimerized. Finally, in the two cases where the operator that could open a gap is marginal, SU(8) with m = 2 and SU(9) with m = 3, this variational approach predicts that there is no spontaneous symmetry breaking, and that correlations decay algebraically. These results suggest that the operators are marginally irrelevant in both cases. It would be interesting to test these predictions either analytically by pushing the renormalization group calculations to higher order, or numerically with alternative approaches such as DMRG or QMC.
In any case, these results prove that Gutzwiller projected fermionic wave functions do a remarkably good job at capturing quantum fluctuations in one-dimensional SU(N ) Heisenberg models with totally antisymmetric irreps. Considering the encouraging results obtained in 2D for the SU(N ) Heisenberg model with the fundamental irrep at each site on several lattices, one can legitimately hope these wave functions to be also good for the SU(N ) Heisenberg model with totally antisymmetric irreps at each site in 2D. Work is in progress along these lines.
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where the prefactor has been chosen such that:
